Massive gravity as a quantum gauge theory by Grigore, D. & Scharf, G.
Gen. Relativ. Gravit. (2005) 37(6): 1075–1096
DOI 10.1007/s10714-005-0092-1
RESEARCH ARTICLE
D. R. Grigore · G. Scharf
Massive gravity as a quantum gauge theory
Received: 12 October 2004 / Published online: 2 June 2005
C© Springer-Verlag 2005
Abstract We present a new point of view on the quantization of the massive grav-
itational field, namely we use exclusively the quantum framework of the second
quantization. The Hilbert space of the many-gravitons system is a Fock space
F+(Hgraviton) where the one-particle Hilbert space Hgraviton carries the direct sum
of two unitary irreducible representations of the Poincare´ group corresponding to
two particles of mass m > 0 and spins 2 and 0, respectively. This Hilbert space
is canonically isomorphic to a space of the type K er(Q)/I m(Q) where Q is a
gauge charge defined in an extension of the Hilbert space Hgraviton generated by
the gravitational field hµν and some ghosts fields uµ, u˜µ (which are vector Fermi
fields) and vµ (which is a vector Bose field).
Then we study the self interaction of massive gravity in the causal framework.
We obtain a solution which goes smoothly to the zero-mass solution of linear
quantum gravity up to a term depending on the bosonic ghost field. This solution
depends on two real constants as it should be; these constants are related to the
gravitational constant and the cosmological constant. In the second order of the
perturbation theory we do not need a Higgs field, in sharp contrast to Yang-Mills
theory.
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1 Introduction
The quantization of gravity is an old standing problem of quantum field theory.
The solution of this problem in full generality is a highly non-trivial problem
which seems to be extremely complicated. (See however the papers of Ashtekar
and collaborators [1, 32]). In [13] and [14–17, 29] this problem was addressed
for the linear gravitational field of zero mass. Among the pioneering works in this
approach we mention [8, 19, 23, 24, 26, 33]. Using the result of this analysis many
computations have been done in the literature (see [3, 4, 20, 35, 36]).
One possible way to perform the quantization of the asymptotic gravitational
field is to linearize the classical theory of gravitation using the so called Goldberg
variables [10, 18] and then to apply straightforward quantization of the resulting
free field theory. Because of the gauge invariance of the theory (which in this
case is the invariance under general coordinates transformations) one obtains a
constrained system and one tries to use a Bleuler-Gupta type formalism, that is to
start with a Hilbert space endowed with a sesqui-linear non-degenerate form and
select the physical states as a subspace of the type Q A = 0, A = 1, . . . , N .
A related idea is to extend the Fock space to an auxiliary Hilbert space
Hgh including some fictitious fields, called ghosts, and construct a gauge charge
(i.e. an operator Q verifying Q2 = 0) such that the physical Hilbert space is
Hphys ≡ Ker(Q)/Im(Q) (see for instance [24] and references quoted there). As a
result of this procedure, it is asserted that the graviton, i.e. the elementary quantum
particle must be a massless spin 2 particle. The construction of the gauge charge
relies heavily on classical field theory arguments, because one tries to obtain for
the quantum gauge transformations expressions of the same type as the general co-
ordinates transformations appearing in general relativity. This invariance is then
promoted to a quantum gauge invariance which should be implemented by the
commutator with the gauge charge Q.
It is an interesting problem to consider the case of massive gravity. This case
was analyzed many years ago [5, 34]. In [5] it is argued that even the quantization
of the massive spin 2 field is problematic in the sense that no smooth limit m → 0
exists. Some recent interest on this problem exists [2, 21, 25, 27] and [6].
We will show here that one can perform the quantization in such a way that
this limit is smooth. One finds out that the massive graviton has a scalar partner of
the same mass m. The construction is done in the spirit of [13].
We also mention that a rigorous construction of the Hilbert space of the many-
gravitons system is indispensable for the construction of the corresponding S-
matrix in perturbation theory in the sense of Bogoliubov. This construction em-
phasizes the basic roˆle of causality in quantum field theory. We obtain a solution
for the interaction Lagrangian (the first-order chronological product) which goes
smoothly for m ↘ 0 into the solution appearing in [29].
The solution we obtain, up to second order of the perturbation theory, co-
incides with the result of the perturbative development of the Einstein-Hilbert
Lagrangian with cosmological constant, if we make the identification  = 2m2
and use Goldberg variables (see the Conclusions). We remark that in the second
order of the perturbation theory we do not need a Higgs field as in the case of
Yang-Mills fields. For this reason it seems to be impossible to find our massive
spin 2 gauge theory by means of the conventional Higgs mechanism.
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2 The quantization of the asymptotic
massive gravitational field
One defines the graviton as a certain unitary irreducible representation of the
Poincare´ group corresponding to zero mass and helicity 2. In the case of mas-
sive gravity one should use the representation of positive mass m and spin 2.
These representation can be explicitly described using the formalism of Hilbert
space bundles, as presented for instance in [34], Chap. VI.7 thm 6.20. Let us
denote by H (m)gr the one-particle Hilbert space of the graviton of mass m. The
ensemble of many gravitons is usually described by the associated Fock space
Fgraviton = F (+)(H (m)gr ) where the upper + sign indicates that the gravitons are
assumed to be Bosons according to the well-known spin-statistics theorem. The
Hilbert space Fgraviton is not very suitable for the construction of the perturbative
series of the scattering matrix S in the sense of Bogoliubov. The way out is to con-
struct a larger Hilbert space H where unphysical degrees of freedom are present.
In this Hilbert space a (gravitational) gauge charge Q acts which should be cho-
sen such that it squares to zero Q2 = 0; in this case it makes sense to consider the
factor space Hphys ≡ Ker(Q)/Im(Q) which should be canonically isomorphic to
Fgraviton.
Let us describe this construction. We use in this paper the following notations.
The upper hyperboloid of mass m ≥ 0 is by definition X+m ≡ {p ∈ R4| ‖p‖2 =
m2}; it is a Borel set with the Lorentz invariant measure dα+m (p) ≡ dp2ω(p) . Here the
conventions are the following: ‖·‖ is the Minkowski norm defined by ‖p‖2 ≡ p · p
and p · q is the Minkowski bilinear form: p · q ≡ p0q0 − p · q; by ηµν we denote
the corresponding flat Minkowski matrix with diagonal elements 1,−1,−1,−1.
If p ∈ R3 we define τ(p) ∈ X+m according to τ(p) ≡ (ω(p), p), ω(p) ≡√
p2 + m2.
First we consider the zero mass case m = 0 [13, 29].
• One generates the Hilbert spaceH by applying the fields Hµν, uρ, u˜ρ, on the
vacuum 	 ∈ H (the rigorous construction is based on the Borchers algebra);
these fields are of null mass:
∂2 Hµν(x) = 0 ∂2uρ(x) = 0 ∂2u˜ρ(x) = 0 ∂2(x) = 0. (2.1)
• Hµν is symmetric and traceless:
Hµν = Hνµ Hµµ = 0. (2.2)
• The field  is scalar and Hµν, uρ, u˜ρ have obvious tensor and vector properties
. This implies the existence of a projective unitary representation Ug of the
Poincare´ group P acting in the Hilbert space H.
• The fields Hµν, are Bosons and uρ, u˜ρ are Fermions.
• The causal commutation relations of these fields are
[Hρσ (x), Hλω(y)] = − i2
(
ηρλησω + ηρωησλ − 12ηρσ ηλω
)
D0(x − y) × 1
{uµ(x), u˜ν(y)} = i ηµν D0(x − y)1 (2.3)
[(x),(y)] = i D0(x − y)1
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and the other (anti)commutators are zero; in particular all Bose fields commute
with all Fermi fields. Here
Dm(x) = D(+m (x) + D(−)m (x) (2.4)
is the Pauli-Jordan distribution of mass m ≥ 0 and D(±)m (x) are given by:
D(±)m (x) ≡ ±
i
(2π)3/2
∫
X+m
dα+m (p)e∓i p·x . (2.5)
• In this Hilbert space there exists a sesqui-linear form (not positively defined)
< ·, · > such that we have
H†µν = Hµν u†µ = uµ u˜†µ = −u˜µ † =  (2.6)
where by † we mean the adjoint with respect to < ·, · >
• The operator Q is well defined through the relations
Q	 = 0 (2.7)
[Q, Hµν] = − i2
(
∂µuν + ∂νuµ − 12ηµν∂ρuσ
)
[Q,] = i
2
∂ρuρ
{Q, uµ} = 0, {Q, u˜µ} = i
(
∂ν Hµν + 12∂µ
)
. (2.8)
In these conditions one can prove that:
• The operator Q is well defined; for this one has to check the validity of the
Jacoby identity:
[b(x), { f (y), Q}] + { f (y), [Q, b(x)]} = 0 (2.9)
where b and f are generic Bose (resp. Fermi) fields.
• The following relations are verified:
Q2 = 0 (2.10)
Ug Q = QUg, ∀g ∈ P. (2.11)
From (2.11) we have
I m(Q) ⊂ K er(Q) (2.12)
so it makes sense to consider the factor space K er(Q)/I m(Q). One can
prove that the sesqui-linear form < ·, · > induces a strictly positively de-
fined scalar product on K er(Q)/I m(Q) and we have a canonical isomorphism
K er(Q)/I m(Q) ∼ Fgraviton.
The preceding construction presented in detail in [13] justifies the consideration
of the auxiliary Hilbert space H as a playground for the perturbation theory. The
fields uρ, u˜ρ, are called ghost fields and the operator Q is the gauge charge. A
simplification of the preceding formalism is the consideration of the new field
hµν ≡ Hµν + 12ηµν (2.13)
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which is self-adjoint in the sense
hµν(x)† = hµν(x) (2.14)
but is not traceless anymore and the causal commutation relations are:
[
hρσ (x), hλω(y)
] = − i
2
(ηρλησω + ηρωησλ − ηρσ ηλω)
×D0(x − y) × 1. (2.15)
We can easily prove that the preceding definition of the gauge charge is equiv-
alently described by (2.7) and:
[Q, hµν] = − i2
(
∂µuν + ∂νuµ − ηµν∂ρuρ
)
(2.16){Q, uµ} = 0, {Q, u˜µ} = i ∂νhµν
so one can consider that the Hilbert spaceH is generated by the fields hµν, uρ, u˜ρ
with the properties described above.
We now turn to the massive gravitational field. One notices from the very
beginning that in the case m > 0 the gauge charge defined by (2.17) does not
square to zero anymore. One can try to correct this feature as in the case of the
massive vector field (see for instance [29]) by introducing a new ghost field vµ
which is a vector field. The one modifies the preceding scheme as follows:
• One generates the Hilbert space H by applying the fields hµν, uρ, u˜ρ, vµ; on
the vacuum 	 ∈ H; all these fields are of mass m:
(∂2 + m2)hµν(x) = 0 (∂2 + m2)uρ(x) = 0
(∂2 + m2)u˜ρ(x) = 0 (∂2 + m2)vµ(x) = 0 (2.17)
• hµν is symmetric:
hµν = hνµ (2.18)
• The fields hµν, uρ, u˜ρ, vµ have obvious tensor and vector properties
• The fields hµν, vµ are Bosons and uρ, u˜ρ are Fermions
• The causal commutation relations of these fields are
[hρσ (x), hλω(y)] = − i2
(
ηρλησω + ηρωησλ − ηρσ ηλω
)
Dm(x − y) × 1
{uµ(x), u˜ν(y)} = iηµν Dam(x − y)1 (2.19)
[vµ(x), vρ(y)] = i2 Dm(x − y)1
and the other (anti)commutators are zero
• In this Hilbert space there exists a sesqui-linear form (not positively defined)
< ·, · > such that we have
h†µν = hµν u†µ = uµ u˜†µ = −u˜µ v†µ = vµ (2.20)
where by † we mean the adjoint with respect to < ·, · >
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• The operator Q is well defined through the relations(2.7 ) and
[Q, hµν] = − i2
(
∂µuν + ∂νuµ − ηµν∂ρuσ
) [Q, vµ] = − im2 uµ
{Q, uµ} = 0, {Q, u˜µ} = i
(
∂νhµν + mvµ
)
. (2.21)
In these conditions one can prove that the operator Q is well defined because of
the validity of the Jacobi identity (2.9) and we also have (2.11) and (2.11), so again
it makes sense to consider the factor space K er(Q)/I m(Q). One can prove in this
case also that the sesqui-linear form < ·, · > induces a strictly positively defined
scalar product on this factor space. However, in this case a modification of the zero
mass scheme appears. The one-particle Hilbert corresponding to K er(Q)/I m(Q)
is H[m,2] ⊕ H[m,0] i.e. it describes two particles of mass m and spins 2 and one
of spin 0, respectively. In other words, we have K er(Q)/I m(Q) = Fgravition ⊕
Fscalar. It seems impossible to construct a gauge structure such that the scalar
partner of the graviton is eliminated, so in this paper we will accept that such a
particle does exists. It remains to be investigated whether the scalar partner of the
graviton with a tiny mass leads to phenomenological problems.
Sometimes it is convenient to generalize the expression of the new field (2.13)
in the sense:
h(α)µν ≡ Hµν +
1
2
α ηµν (2.22)
with α ∈ R∗. The causal commutation relations are for this field:
[
h(α)ρσ (x), h
(α)
λω (y)
]
= − i
2
(
ηρλησω + ηρωησλ − 1 + α
2
2
ηρσ ηλω
)
Dm(x − y) × 1. (2.23)
We can prove that the definition of the gauge charge is equivalently described
by (2.7) and:
[Q, h(α)µν ] = −
i
2
(
∂µuν + ∂νuµ − 1 + α2 ηµν∂ρu
ρ
)
, (2.24)
{Q, uµ} = 0, {Q, u˜µ} = i
(
∂νh(α)µν +
1 − α
4α
∂µh(α) + mvµ
)
(2.25)
and
[Q, vµ] = − im2 uµ; (2.26)
here
h(α) ≡ ηµν h(α)µν . (2.27)
The choice (2.13) correspond to α = 1. Let us consider the choice α = −1.
Then the preceding relations for
hˆµν = h(−1)µν (2.28)
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become:
[hˆρσ (x), hˆλω(y)] = − i2
(
ηρλησω + ηρωησλ − ηρσ ηλω
)
×Dm(x − y) × 1. (2.29)
[Q, hˆµν] = − i2
(
∂µuν + ∂νuµ
)
, (2.30)
{Q, uµ} = 0, {Q, u˜µ} = i
(
∂ν hˆµν − 12 ∂µhˆ + mvµ
)
(2.31)
and
[Q, vµ] = − im2 uµ. (2.32)
This choice seems to appear naturally in the classical framework of gravity
with an non-zero cosmological constant, if one expands the metric gµν around
Minkowski background in the form
gµν = ηµν + κ hˆµν
(see the Conclusions). However, from the quantum point of view the value of α is
irrelevant: all choices are good for the description of the physical Hilbert space.
We remark also that the massless limit problem mentioned in [5] has a very
simple explanation according to the preceding observation: in [5] one uses differ-
ent values of the parameter α for the case m = 0 and m > 0 respectively. The
correct procedure is to use the same value of α in both cases.
The construction of observables can be done in the usual way. We denote by
W the linear space of all Wick monomials on the Fock space Hgh i.e. containing
the fields hµν(x), uµ(x), u˜µ(x) and vµ(x). If M is such a Wick monomial, we
define by gh±(M) the degree in u˜µ (resp. in uµ). The total degree of M is
deg(M) ≡ gh+(M) + gh−(M). (2.33)
The ghost number is, by definition, the expression:
gh(M) ≡ gh+(M) − gh−(M). (2.34)
If M ∈W let us define the operator:
dQ M ≡ QM − (−1)gh(M)M Q (2.35)
on monomials M and extend it by linearity to the wholeW . Then dQ M ∈W and
gh(dQ M) = gh(M) − 1. (2.36)
The operator dQ :W →W is called the gauge variation; the properties of this
object are summarized in the following relations:
d2Q = 0 (2.37)
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dQhµν = − i2
(
∂µuν + ∂νuµ − ηµν∂ρuρ
)
dQuµ = 0 dQu˜µ = i
(
∂νhµν + mvµ
) (2.38)
dQvµ = − im2 uµ(x).
dQ(M N ) = (dQ M)N + (−1)gh(M)M(dQ N ), ∀M, N ∈W. (2.39)
If  ∈ H then we denote by [] the corresponding equivalence class from the
factor space K er(Q)/I m(Q). If O : Hgh → Hgh verifies the condition
dQ O = 0 (2.40)
then it induces a well defined operator [O] on the factor space K er(Q)/I m(Q).
Moreover, in this case the following formula is true for the matrix elements of
the factorized operator [O]:
([], [O][]) = (, O). (2.41)
This kind of observables on the physical space will also be called gauge in-
variant observables. An operator O : Hgh → Hgh induces a gauge invariant
observables if and only if it verifies:
dQ O
∣∣
Ker(Q) = 0. (2.42)
Not all operators verifying the condition (2.40) are interesting. In fact, the op-
erators of the type dQ O are inducing a null operator on the factor space; explicitly
we have:
[dQ O] = 0. (2.43)
In the framework of perturbative quantum field theory [29] the basic objects
are the chronological products Tn(x1, . . . , xn); these are some distribution-valued
operators acting in the Hilbert space H and subject to a set of axioms due to Bo-
goliubov. The chronological products should leave invariant the physical Hilbert
space K er(Q)/I m(Q) at least in the adiabatic limit. This leads to a new axiom of
factorization in the adiabatic limit:
lim
↘0 dQ
∫
R4
dx Tn(x1, . . . , xn)g(x)|Ker(Q) = 0, ∀n ∈ N∗ (2.44)
where g(x) is test function. If the limit exists, then the preceding relation is equiv-
alent to
dQ Tn(x1, . . . , xn) = i
n∑
l=1
∂
∂x
µ
l
T µn/ l(x1, . . . , xn), ∀n ∈ N∗. (2.45)
If infrared divergences cannot be avoided, the one can consider (2.44) at the
heuristic level and impose (2.45) as the new postulate as it is done in [28]. In
particular we have for n = 1
dQ T1(x) = i ∂
∂xµ
T µ(x) (2.46)
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for some Wick polynomials T µ(x). The derivation of the most general expression
of T1 can be done in the original variables Hµν,, uµ, u˜µ, vµ or with h(α)µν for
any values of α. If we change the fields, we must correspondingly change the
expression of the operator dQ and the final result should be the same. In formulæ:
dQ T1(Hµν, . . . ) = i ∂
∂xµ
T µ(Hµν, . . . ) ⇔ dQ T1(h(α)µν , . . . )
= i ∂
∂xµ
T µ(h(α)µν , . . . ) (2.47)
for any α.
3 Gauge invariance in the first order of perturbation theory
In view of the discussion from the preceding section it is natural to discard from
the interaction Lagrangian (the first-order chronological product T1) expressions
of the type
dQ B + ∂µBµ, gh(B) = −1, gh(Bµ) = 0; (3.1)
we call such an expression a trivial coupling. If the difference of two couplings is
a trivial one then we call them equivalent. In this section we prove the following
Theorem 3.1 Let us consider the most general Wick polynomial T tri-linear in
the fields Hµν,, uµ, u˜µ, vµ verifying the following conditions:
UgT = TUg, ∀g ∈ P
gh(T ) = 0 (3.2)
3 ≤ deg(T ) ≤ 5
and the gauge invariance condition (2.46). Then T is equivalent to the following
expression:
T = a T (a) + b T (b) a, b ∈ R (3.3)
where
T (a) ≡ [−2Hµν(∂µHρσ )(∂ν Hρσ ) − 4Hµν(∂α Hρµ)(∂ρ Hαν)
+ 2(∂µHρσ )(∂ρ Hµσ )
+ 4Hρσ (∂ρ∂ν Hνσ ) + 2(∂µ∂ν Hµν)
+ (∂µ)(∂ν)Hµν + 4Hµνuρ(∂µ∂ν u˜ρ) + 4(∂µHµν)uρ(∂ν u˜ρ)
+ 4(∂µHµν)uρ(∂ρ u˜ν) + 2(∂µ)uρ(∂ρ u˜µ) + 4Hµν(∂µvρ)(∂νvρ)]
− 4m(∂µvν)uµu˜ν + m2
(
2
3
Hµν Hµρ Hνρ + 12 H
µν Hµν − 34
3
−uµu˜µ + vµvµ
)
(3.4)
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and
T (b) ≡ −Hµν(∂µvρ)(∂νvρ) + 2Hµν(∂µvν)(∂ρvρ) − 2Hµν(∂µvρ)(∂ρvν)
+ m[Hµν(∂ρ Hµν)vρ − 2Hµν(∂ν Hµρ)vρ + Hµν(∂µ)vν
+ (∂ρvρ)uµu˜µ − 12 (∂µvν)u
µu˜ν + (∂νvµ)uµu˜ν + vνuµ(∂ν u˜µ)
+ vµuµ(∂ν u˜µ) − 12v
νuµ(∂µu˜ν) + 2vµvν(∂µvν)]
+ m2
(
−1
3
Hµν Hµρ Hνρ − Hµνuµu˜ν + 32 H
µνvµvν
)
. (3.5)
The preceding expression has a smooth limit m → 0.
Proof We make a list of all Wick monomials verifying the conditions (3.3). The
condition of Lorentz invariance depends essentially on the dimension of the space-
time. In other dimensions than 4 the list below changes drastically. Also the fact
that Hµν is traceless is useful in eliminating many terms. First we have terms
which do also appear for the massless case i.e. without the ghost field vµ namely:
T (1) = c(1)Hµν Hµρ Hνρ
T (2) = c(2)Hµν Hµν
T (3) = c(3)3
T (4) = c(4)Hµνuµu˜ν
T (5) = c(5)uµu˜µ
T (6) = c(6)1 Hµν(∂µHρσ )(∂ν Hρσ ) + c(6)2 Hµν(∂ρ Hρσ )(∂σ Hµν)
+ c(6)3 Hµν(∂µHρσ )(∂ρ Hνσ )
+ c(6)4 Hµν(∂µHρν)(∂σ Hσρ) + c(6)5 Hµν(∂ρ Hρµ)(∂σ Hσν)
+ c(6)6 Hµν(∂α Hρµ)(∂ρ Hαν)
+ c(6)7 µραλHµν(∂λHρν)(∂β Hαβ) + c(6)8 µραλHµν(∂λHρσ )(∂σ Hαν)
+ c(6)9 µραλHµν(∂λHρσ )(∂ν Hασ )
T (7) = c(7)1 (∂µHµσ )(∂ν Hνσ ) + c(7)2 (∂µHρσ )(∂ρ Hµσ )
+ c(7)3 µνρα(∂µHρσ )(∂ν Hασ )
T (8) = c(8)Hρσ (∂ρ∂ν Hνσ )
T (9) = c(9)2(∂µ∂ν Hµν)
T (10) = c(10)(∂µ)(∂ν)Hµν
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T (11) = c(11)1 (∂µHµν)uν(∂ρ u˜ρ)
+ c(11)2 (∂µHµν)uρ(∂ν u˜ρ) + c(11)3 (∂µHµν)uρ(∂ρ u˜ν)
+ c(11)4 (∂ρ Hµν)uµ(∂ν u˜ρ) + c(11)5 (∂ρ Hµν)uρ(∂µu˜ν)
+ c(11)6 µρασ (∂ρ Hµν)uα(∂σ u˜ν) + c(11)7 µραβ(∂ρ Hµν)uα(∂ν u˜β)
+ c(11)8 µσαβ(∂ν Hµν)uα(∂σ u˜β)
T (12) = c(12)1 (∂ρ∂ν Hµν)uµu˜ρ + c(12)2 (∂ρ∂ν Hµν)uρ u˜µ + c(12)3 (∂µ∂ν Hµν)uρ u˜ρ
+ c(12)4 µραβ(∂ρ∂ν Hµν)uα u˜β
T (13) = c(13)1 Hµνuµ(∂ν∂ρ u˜ρ) + c(13)2 Hµνuρ(∂ρ∂ν u˜µ) + c(13)3 Hµνuρ(∂µ∂ν u˜ρ)
+ c(13)4 µραβ Hµνuα(∂ρ∂ν u˜β)
T (14) = c(14)1 (∂µ)uµ(∂ρ u˜ρ) + c(14)2 (∂µ)uρ(∂ρ u˜µ)
+ c(14)3 µναβ(∂µ)uα(∂ν u˜β)
T (15) = c(15)uµ(∂µ∂ν u˜ν)
T (16) = c(15)(∂µ∂ν)uµu˜ν; (3.6)
then we have the terms containing at least one factor vµ namely:
U (1) = d(1)Hµνvµvν
U (2) = d(2)vµvµ
U (3) = d(3)1 Hµν(∂α Hµν)Aα + d(3)2 Hµν(∂α Hµα)vν
+ d(3)3 Hµν(∂ν Hµα)vα + d(3)4 µραβ Hµν(∂α Hρν)vβ
U (4) = d(4)Hµν(∂µ)vν
U (5) = d(5)(∂ν Hµν)vµ
U (6) = d(6)(∂α)vα
U (7) = d(7)1 (∂αvα)uµu˜µ + d(7)2 (∂µvν)uµu˜ν + d(7)3 (∂νvµ)uµu˜ν
+ d(7)4 µναβ(∂αvβ)uµu˜ν
U (8) = d(8)1 vαuµ(∂α u˜µ) + d(8)2 vµuµ(∂ν u˜ν) + d(8)3 vνuµ(∂µu˜ν)
+ d(8)4 µναβvαuµ(∂β u˜ν)
U (9) = d(9)vµvν(∂µvν)
U (10) = d(10)1 Hµν(∂µvα)(∂νvα) + d(10)2 Hµν(∂µvν)(∂βvβ)
+ d(10)3 Hµν(∂µvρ)(∂ρvν)
+ d(10)4 µραβ Hµν(∂ρvν)(∂αvβ) + d(10)5 µραβ Hµν(∂ρvα)(∂νvβ)
U (11) = d(11)1 Hµνvα(∂µ∂νvα) + d(11)2 Hµνvν(∂µ∂βvβ) + d(11)3 Hµνvρ(∂µ∂ρvν)
+ d(11)4 µαρβ Hµνvα(∂ρ∂νvβ)
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U (12) = d(12)1 (∂αvα)2 + d(12)2 (∂µvα)(∂αvµ)
+ d(12)3 µναβ(∂µvα)(∂νvβ)
U (13) = d(13)vα(∂α∂βvβ)
U (14) = d(14)1 vα(∂βvβ)(∂α∂νvν) + d(14)2 vα(∂αvβ)(∂β∂νvν)
+ d(14)3 µναβvα(∂µvβ)(∂ν∂ρvρ) + d(14)4 µναβvρ(∂µvβ)(∂ν∂ρvα)
+ d(14)5 µναβvα(∂µvρ)(∂ν∂ρvβ)
U (15) = d(15)vαvβ(∂α∂β∂µvµ). (3.7)
We have discarded a lot of terms because up to a total derivative they are
of the type already considered. As a general strategy, we have eliminated all
terms with derivatives on the ghost fields uµ. It is somewhat more complicated
to prove that one can make c(6)3 = 0 if one subtracts a total divergence and rede-
fines c(6)4 , c
(6)
5 , c
(6)
6 , and c
(6)
9 = 0 if one subtract a total divergence and redefines
c
(6)
7 , c
(6)
8 .
Also because
(∂2 + m2j ) f j = 0, j = 1, 2, 3 → (∂µ f1)(∂µ f2) f3
= 1
2
(m21 + m22 − m23) f1 f2 f3 +
1
2
∂µ[(∂µ f1) f2 f3
+ f1(∂µ f2) f3 − f1 f2(∂µ f3)] (3.8)
we can eliminate many terms by subtracting a total divergence and redefining
other terms of lower canonical dimension.
Now we can put to zero some of the constants above if we subtract from T
a coboundary i.e. an expression of the form dQ B where we take B to be a Wick
polynomial with the following properties:
Ug B = BUg, ∀g ∈ P
gh(B) = −1
2 ≤ deg(T ) ≤ 4. (3.9)
As a result one take equal to zero the following coefficients:
c
(6)
2 , c
(6)
4 , c
(6)
5 , c
(6)
7 , c
(7)
1 , c
(13)
2 , c
(15), c(12)1 , c
(12)
2 , c
(12)
3 , c
(12)
4 d
(3)
2 ,
d(5), d(7)1 , d
(7)
2 , d
(7)
3 , d
(7)
4 .
One can count that we are left with 37 coefficients of type c( j) and 23 coeffi-
cients of type d( j). So we have 60 free parameters which should be fixed by the
condition of gauge invariance.
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Now one considers the coupling
T =
16∑
j=1
T ( j) +
13∑
j=1
U ( j) (3.10)
and computes the expression dQ T . It is convenient to follow the same strategy as
above and eliminate, up to a divergence, the derivatives on the ghost fields uµ.
One gets by a straightforward but tedious computation the following result:
dQ T = i ∂µXµ + i uµ Yµ + i Z4 + i Z6 (3.11)
where the expressions Xµ, Y µ do not contain ghost fields and the expressions
Z j are tri-linear in the ghost fields of canonical dimension j = 4, 6. We now
impose the gauge invariance condition (2.46). It is sufficient to take T µ a tri-linear
expression in the fields Hµν,, uµ, u˜µ, Aµ verifying the following conditions:
UgT µU−1g = µνTν, ∀g ∈ P
gh(T µ) = 1
3 ≤ deg(T µ) ≤ 5. (3.12)
If we define
T˜ µ ≡ T µ − Xµ, (3.13)
then we get from (2.46) and (3.11):
uµ Yµ + Z4 + Z6 = ∂µT˜ µ. (3.14)
The generic form for T˜ µ is
T˜ µ = uν T µν + (∂ρuν) T µνρ + (∂ρ∂σ uν) T µνρσ
+ d0uµuν u˜ν + d1µνρσ uνuρ u˜σ + Sµ (3.15)
where the expressions T µν, T µνρ, T µνρσ are bi-linear in the fields Hµν,, Aµ,
the expression Sµ is tri-linear in the ghost fields and of canonical dimension 5
; d0, d1 are some constants. One substitutes everything in equation (3.14) and
obtains that Yµ has the generic form
Yµ = 12 (∂
2 + m2)Zµ (3.16)
where Zµ is a Wick polynomial bilinear in the fields Hµν,, Aµ and verifies the
following conditions:
Ug ZµU−1g = µν Zν, ∀g ∈ P
gh(Zµ) = 0
2 ≤ deg(Zµ) ≤ 3. (3.17)
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If one considers the generic form of Zµ then one finds out that the non-zero coef-
ficients form the expression of T are:
c(1) = 2
3
m2a − 1
3
m2b c(2) = 1
2
m2a c(3) = −3
4
m2a c(4) = −m2b c(5)
= −m2a.
c
(6)
1 = −2a c(6)6 = −4a c(7)2 = 2a c(8) = 4a c(9) = a
c(10) = a c(11)2 = 4a c(11)3 = 4a c(13)3 = 4a c(14)2 = 2a
d(1) = 3
2
m2b d(2) = m2a d(3)1 = mb d(3)3 = −2mb d(4) = mb
d(7)1 = mb d(7)2 = −4ma −
1
2
mb d(7)3 = mb d(8)1 = mb d(8)2 = mb d(8)3
= −1
2
mb
d(9) = 2mb d(10)1 = 4a − b d(10)2 = 2b d(10)3 = −2b; (3.18)
here a, b ∈ R are arbitrary parameters. Considering the terms tri-linear in the
ghost fields from (3.14) we get
d0 = −2m2a − 34m
2b d1 = 0 (3.19)
so we obtain the result from the statement. 
The solution T (a) gives in the massless limit the usual gravity theory [29] plus the
new term 4Hµν(∂µvρ)(∂νvρ). The usual choice is a = − 14 .
We have considered in the previous theorem only the terms which are tri-linear
in the fields. In principle, one should consider also the terms which are of degree
4 and 5 in the fields. It is plausible that, as in the case of Yang-Mills fields, one
can obtain that these terms should be null as a consequence of the first order gauge
invariance condition.
One can re-express T (a) using the variables from (2.13); we have
Proposition 3.2 In the variables
hµν ≡ Hµν + 12ηµν h ≡ h
µ
µ = 2 (3.20)
the expression T (a) from the preceding theorem is equivalent to:
T = hµν(∂µh)(∂νh) − 2hµν(∂µhρσ )(∂νhρσ ) − 4hµν(∂ρhµσ )(∂σ hνρ)
− 2hµν(∂ρhµν)(∂ρh) + 4hµν(∂σ hµρ)(∂σ hνρ)
+ 4(∂µhµν)uρ(∂ρ u˜ν) − 4hµν(∂µuρ)(∂ν u˜ρ) + 4hµν(∂µvρ)(∂νvρ)
− 4m(∂µvν)uµu˜ν + m2
(
−4
3
hµνhµρhνρ + hµνhµνh − 16h
3
)
. (3.21)
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In these conditions one can take in (2.46)
T (a)µ = uν[−(∂µh)(∂νh) + 2(∂µhρσ )(∂νhρσ ) − 4(∂ρhρσ )(∂νhµσ )
+ 4(∂νhρσ )(∂ρhµσ ) − 4(∂µvρ)(∂νvρ)]
+ uµ
[
1
2
(∂νh)(∂νh) − (∂νhρσ )(∂νhρσ ) − 2(∂ρhνσ )(∂σ hνρ)
+ 2(∂νvρ)(∂νvρ)
]
+ (∂ρuν)[4hρσ (∂σ hµν) + 4hµσ (∂νhσ ρ) + 2hνρ(∂µh) − 4hρσ (∂µhσ ν)]
− 4(∂ρuµ)hνσ (∂νhρσ ) + (∂ρuρ)[−h(∂µh) + 2hνσ (∂µhνσ )]
+ 2[uν(∂µuρ)(∂ν u˜ρ) + uν(∂νuρ)(∂µu˜ρ) − uµ(∂νuρ)(∂ν u˜ρ)]
+ m2uµ
(
hνρhνρ − 12h
2
)
. (3.22)
Proof It is convenient to start from the expression T above and make the substi-
tution Hµν ≡ hµν − 12ηµν h ≡ 2. Then one makes the transformations
described at the beginning of the Proof of the preceding theorem, namely we get
rid of derivatives appearing on uρ subtraction total divergences. We also note that
the fourth and the fifth terms from the expression of T can be eliminated if we
use the identity (3.8) but have been included such that the linear approximation of
the Hilbert Lagrangian is reproduced [29]. We obtain the expression T (a) from the
statement of the theorem. 
In the same way, one can also re-express T (b) using the variables from from
(2.13).
4 Gauge invariance in the second order of perturbation theory
In this section, we consider the second order gauge invariance. For this we must
construct the chronological products T (x, y) and Tµ(x, y) such that the identity
(3.14) is verified. The construction procedure is well-known: one computes first
the corresponding causal commutators [T (x), T (y)] and [Tµ(x), T (y)] and makes
the substitution Dm(x − y) → DFm (x − y) i.e. one substitutes the causal Pauli-
Jordan distribution by the corresponding Feynman propagator and similar substi-
tutions for the loop graphs; one obtains the expressions T F (x, y) and T Fµ (x, y)
which verify all Bogoliubov axioms but might spoil second order gauge invari-
ance. To restore it we must annihilate some anomalies and make finite renormal-
izations. These finite renormalizations must also preserve the power counting the-
orem which in this case says [29] that the expressions T (x, y) and T µ(x, y) should
be of the form
T (x, y) =
∑
j
t j (x − y)W j (x, y) (4.1)
where W j are Wick polynomials and t j are distributions such that one has
ω(t j ) + deg(W j ) ≤ 6. (4.2)
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The origin of the anomalies is explained in [12, 29]. One starts from the iden-
tity
dQ[T (x), T (y)] = i ∂
∂xµ
[T µ(x), T (y)] + i ∂
∂yµ
[T (x), T µ(y)] (4.3)
which follows from first order gauge invariance. If one substitutes expressions of
the type (4.1) for the causal commutators
D(x, y) =
∑
j
d j (x − y)W j (x, y) (4.4)
then the preceding identity reduces to some identities verified by the distributions
d j . When we make the causal splitting of the these distributions, preserving the
degree of singularity, some of these identities are lost and we get anomalies. From
tree Feynman graphs we get the identity
(∂2 + m2)Dm = 0, (4.5)
which cannot be split causally preserving the degree of singularity; indeed it is
well known that
(∂2 + m2)DFm = δ(x − y). (4.6)
From loop graphs, we get the identities
∂µDµm1,m2 = −m22 Dm1,m2 + ηµν Dµνm1,m2 (4.7)
∂µDµνm1,m2 = −m21 Dνm2,m1 + D˜µm1,m2 (4.8)
∂µ D˜µνm1,m2 = −m22 Dνm1,m2 + D˜µm1,m2 (4.9)
where we have introduced the following distributions with causal support:
Dm1,m2 ≡ D(+)m1 D(+)m2 − D(−)m1 D(−)m2
Dµm1,m2 ≡ D(+)m1 ∂µD(+)m2 − D(−)m1 ∂µD(−)m2
Dµνm1,m2 ≡ ∂µD(+)m1 ∂ν D(+)m2 − ∂µD(−)m1 ∂ν D(−)m2 (4.10)
D˜µνm1,m2 ≡ D(+)m1 ∂µ∂ν D(+)m2 − D(−)m1 ∂µ∂ν D(−)m2 .
D˜µm1,m2 ≡ ∂ν D(+)m1 ∂µ∂ν D(+)m2 − ∂ν D(−)m1 ∂µ∂ν D(−)m2 .
It is easy to prove that one can use the arbitrariness of the causal splitting of
these distributions such that one can eliminate all anomalies of the Ward identities
(4.7)–(4.9). So it follows that only tree Feynman graphs can produce anomalies.
We apply this strategy to the quantum gravity model from the preceding sec-
tion.
First we consider the theory given by the interaction Lagrangian T = T (a).
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Theorem 4.1 The Lagrangian T = T (a) gives a theory gauge invariant in the
second order of the perturbation theory if we perform convenient finite renormal-
izations of the second-order chronological products
T (x, y) = T F (x, y) + i δ(x − y)N (x) Tµ(x, y) = T Fµ (x, y)
+ i δ(x − y) Nµ(x) (4.11)
where N and Nµ are some Wick polynomials. In particular:
N = 16hµνhρσ (∂ρhµν)(∂σ h) − 8hµνhρσ (∂αhµν)(∂αhρσ )
− 32hµνhνρ(∂αhρβ)(∂βhµα)
− 32hµνhρσ (∂µhρα)(∂νhσ α) + 32hµνhνρ(∂αhµβ)(∂αhρβ)
+ 16hµνhρσ (∂αhµρ)(∂αhνσ )
− 16hµνhνρ(∂αhµρ)(∂αh) + 16uρ(∂ρ u˜ν)uσ (∂σ u˜ν)
+ 2m2
( 1
12
h4 − hµνhµνh2 + 83h
µνhνρhρµh + hµνhµνhρσ hρσ
− 4hµνhνρhµσ hρσ
)
. (4.12)
Proof As it is known, the first step is to compute the causal commutator
[T µ(x), T (y)]. The anomalies are produced by two types of terms in T µ(x) :
(a) with the index µ appearing in a derivative ∂µ; (b) with the index µ appearing
in the combination hµρ . Inspecting the expression from Proposition 3.2 we have
an expression of the following type
Tµ = T1(∂µh) + T αβ2 (∂µhαβ) + T ν3 (∂µu˜ν) + T ν4 (∂µuν) + T ν5 (∂µvν)
+ Sνρ(∂νhµρ) + Sρhµρ + · · · (4.13)
where by · · · we mean terms which do not produce anomalies and the expres-
sion T ...j , S
... must be obtained explicitly. One has to compute the commutator
of ∂µh, ∂µhαβ, ∂µu˜ρ, ∂µuρ, ∂µ Aρ with the 12 linear independent Wick mono-
mials which appear in the expression of the total coupling T . Using the causal
(anti)commutation relations from Sect. 4 we get in the end
[T µ(x), T (y)] = i ∂µDm(x − y)A(x, y)
+ i ∂µ∂ν Dm(x − y)Aν(x, y) + · · · (4.14)
where the expressions A(x, y) and Aν(x, y) must be explicitly obtained. From
the preceding formula we get the anomaly as explained in the beginning of this
section:
a(x, y) = δ(x − y)A(x) + [∂νδ(x − y)]Aν(x, y) (4.15)
By integration by parts we can rewrite this as follows:
a(x, y) = δ(x − y)A(x) − ∂ yν [δ(x − y)Aν(y)] (4.16)
with
A(x) ≡ A(x) + ∂ yν Aν(x, y)|y=x
Aν(x) ≡ Aν(x, x) (4.17)
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The total anomaly comes from the two commutators [T µ(x), T (y)] +
[T µ(y), T (x)] and is
A(x, y) = a(x, y) + a(y, x). (4.18)
Now, the second-order gauge invariance condition (2.45) for n = 2 is fulfilled iff
one can write this anomaly as follows:
A(x, y) = 2idQ N (x, y) + ∂xµNµ(x, y) + ∂ yµNµ(y, x) (4.19)
where N (x, y) and Nµ(x, y) are quasi-local Wick polynomials. One can show
rather easily that this condition is equivalent to:
A = idQ N + ∂µNµ (4.20)
for some Wick polynomials (in one variable) N and Nµ of ghost number 0 and
resp. 1; here A is given by the first formula (4.17). From power counting consid-
erations (4.2) one also has the limitations
deg(N ), deg(Nµ) ≤ 6. (4.21)
The condition (4.20) is the basic condition which must be investigated. It
is fulfilled if we take N to be exactly the expression from the statement of the
theorem. 
Considering the general case (i.e. b = 0) one can prove that the condition of
second order gauge invariance gives in fact b = 0.
5 Conclusions
Now comes a surprise ! In our derivation of massive quantum gravity we have
not used any classical Lagrangian, whatsoever. Instead, we have started from the
free massive quantized asymptotic spin-2 tensor field, defined a gauge structure
for it and deduced the coupling from first and second order perturbative gauge
invariance. Nevertheless, we may ask the question whether there exists a classical
Lagrangian L in terms of the metric tensor
gµν = ηµν + κ hˆµν (5.1)
which, after expansion in powers of the gravitational constant κ2 = 32πG, leads
to the coupling we have found, similarly as in the massless case ([29], Sect. 5.5).
Note that in (5.1) the background metric must be Minkowskian because that is
what we have assumed throughout, but hˆµν is the massive spin-2 field.
There are not many candidates for the Lagrangian L . The right one is
Einstein’s Lagrangian with a cosmological constant 
L E = − 2
κ2
√−g(R − 2), κ2 = 32πG, (5.2)
where g = det(gµν). For the expansion in powers of κ it is convenient to use the
so-called Goldberg variables
g˜µν = √−ggµν, g˜µν = (−g)−1/2gµν. (5.3)
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Now we write this metric tensor as
g˜µν = ηµν + κhµν (5.4)
g˜µν = ηµν − κhµν + κ2hµαhαν − κ3hµαhαβhβν + · · ·
= ηµλ(δλν − κhλν + κ2hλ·αhα·ν − κ3hλαhαβhβν + · · · ), (5.5)
then we can expand the determinant g and the Ricci scalar R in (5.2) in powers of
κ; details can be found in [29], Sect. 5.5.
The first four orders in κ , i.e. O(κ−2), . . . O(κ2) come out to be:
L E = 4
κ2
+ 2
κ
(∂2h − ∂α∂βhαβ + h)
+ 1
2
(∂γ hαβ)(∂γ hαβ) − 12∂γ h)(∂
γ h) + (∂αhαβ)(∂βh) − (∂γ hαβ)(∂αhβγ )
+
(
1
2
h2 − hαβhαβ
)
+ κ
[
L(1) + 4
(
1
6
hαβhβγ hγ α − 18h
αβhαβh + 148h
3
)]
+ κ2
{
L(2) + 4
[
1
32
(
hαβhαβ
)2
+ 1
12
hhαβhβγ hγ α − 132h
2hαβhαβ
+ 1
4!
h4
16
− 1
8
hαβhβγ hγ νhνα
]}
(5.6)
Here, the terms L(1) and L(2) without  are the same as in the ordinary massless
gravity:
L(1) ≡ −1
4
hαβ(∂αh)(∂βh) + 12h
µν(∂µhαβ)(∂νhαβ) + hαβ(∂νhαµ)(∂µhβν)
+ 1
2
hµν(∂αhµν)(∂αh) − hµν(∂ρhαµ)(∂ρhαν) (5.7)
L(2) ≡ −hαρhρβ(∂νhαµ)(∂µhβν) − 12hρβh
β
γ (∂αhργ )(∂αh)
− 1
4
hµν(∂αhµν)hργ (∂αhργ ) + 12hµν(∂αh
µν)hαβ(∂βh)
− hαρ(∂µhργ )(∂νhαγ )hµν
+ hρβhβγ (∂µhαρ)(∂αhγ α) + 12hαρhβγ (∂µh
αγ )(∂µhβρ). (5.8)
The terms O(κ−2) and O(κ−1) in the Lagrangian (5.6) as they stand are mean-
ingless: the constant 4/κ2 cannot be integrated over d4x and the term O(κ−1)
linear in h alone gives no consistent equation of motion. But the constant is triv-
ially a divergence and can be dropped. The same is true for the term linear in h if
we take the equation of motion into account which follows from the term O(κ0)
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and quadratic in h
L(0) ≡ 1
2
(∂µhαβ)(∂µhαβ) − (∂µhαβ)(∂βhµα) −
1
4
(∂αh)(∂αh)
+
(
h2
2
− hαβhαβ
)
(5.9)
As usual, this quadratic Lagrangian defines the free asymptotic theory. It gives the
following Euler-Lagrange equation
∂2hαβ − ∂µ(∂βhαµ + ∂αhβµ) − 12η
αβ∂2h − (ηαβh − 2hαβ) = 0. (5.10)
Taking the trace we find
∂µ∂αhαµ = −12∂
2h − h. (5.11)
Differentiating (5.10) by ∂α and substituting (5.11) we derive the Hilbert gauge
condition
∂αhαβ = 0. (5.12)
Then (5.11) reduces to the Klein-Gordon equation
∂2h + 2h = 0 (5.13)
and from (5.10) we obtain the Klein-Gordon equation for the tensor field
∂2hαβ + 2hαβ = 0. (5.14)
This means the graviton becomes massive with mass
m2 = 2. (5.15)
It follows from (5.12-13) that the term O(κ−1) linear in h can be written as ∂2h/κ .
Since this is a divergence we have omitted this term, too. Taking the current value
of  one finds a tiny mass (≈ 10−32 eV) for the graviton, so that our massive
theory passes all direct tests of general relativity. However, gravitational radiation
requires a thorough investigation.
Now comes the main point. The cubic part O(κ1) in (5.6) should give the cou-
pling. Using (5.15) this agrees exactly with the pure graviton coupling terms in
(3.21), if we multiply with an overall factor −4. Similarly, the pure graviton cou-
plings in the quartic part O(κ2) agree with (4.12) without the ghost terms, if we
multiply by 16. This shows that our massive gravity is the quantum gauge theory
corresponding to classical gravity with a cosmological term. But there seems to be
an inconsistency in this classical expansion because the Minkowski background is
not a solution of Einstein’s equation with cosmological term. This solution is the
de-Sitter or anti-de-Sitter metric. But locally all those metrics are Minkowskian.
The quantum field theory we have constructed describes the quantum fluctuations
around this local Minkowskian background. The classical theory is relevant for
the large distances. Indeed, the cosmological constant and, hence, the mass of
the graviton has only be observed on the largest astronomical scale (supernova
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data). One could also construct a quantum theory valid on all scales by quantizing
the gravitational field on de-Sitter background, say, but this is another story. The
resulting theory would not be universal because it depends on the chosen back-
ground. But locally it should agree with the theory constructed here.
In spin 1 gauge, theories with massive gauge fields a Higgs field is necessary
to “generate” the masses. In the framework of quantum gauge theory it is simply
needed to restore gauge invariance to second order [29]; first order gauge invari-
ance holds without the Higgs couplings. It was a surprise for us when we found
that massive gravity is gauge invariant to first and second order without a Higgs
field. In a way, this is even disappointing because a gravitational Higgs field would
be a nice candidate for the non-baryonic dark matter. It is still possible that a Higgs
field is necessary in third order. Work in that direction is in progress.
A last remark is concerned with the mass zero limit of our theory. As noticed
above, in the limit m → 0 the bosonic ghost vµ does not completely decouple
from the graviton. In fact, the term 4hµν(∂µvρ)(∂νvρ) survives in (3.21). That
means the resulting massless theory is not identical with usual quantum gravity as
discussed in [29], for example. This leads to the conclusion that there exists at least
two different quantum gauge theories which correspond to classical (massless)
general relativity, one with an additional Bose field vµ and one without.
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